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a b s t r a c t
Integral circulant graphs are a generalization of unitary Cayley graphs, recently studied by
Klotz and Sander. The integral circulant graph Xn(D) has vertices 0, 1, . . . , n− 1, and two
vertices a and b are adjacent iff gcd(x − y, n) ∈ D, where D ⊆ {d : d | n, 1 ≤ d < n}.
Circulant graphs have various applications in the design of interconnection networks
in parallel and distributed computing, while integral graphs play an important role in
modeling quantum spin networks supporting the perfect state transfer. Integral circulant
graphs also found applications in molecular graph energy. In this paper we deal with the
chromatic number of integral circulant graphs and investigate the conjecture proposed
in [W. Klotz, T. Sander, Some properties of unitary Cayley graphs, Electron. J. Combin.
14 (2007) #R45] that the chromatic number divides the order of Xn(D). For the integral
circulant graphwith two divisors, sharp upper and lower bounds for the chromatic number
are established; if one of the divisors is equal to one, the chromatic number is explicitly
determined. For |D| ≥ 3,we construct a family of counterexamples using exhaustive search
algorithm for graph coloring and disprove the conjecture in this case.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
A graph is called integral if all eigenvalues of its adjacency matrix are integers. Integral graphs are extensively studied in
the literature and there was a vast research for specific classes of graphs with integral spectrum; see [1,2].
A graph is called circulant if its adjacency matrix is circulant [3]. These graphs have important application as a class of
interconnection networks in parallel and distributed computing [4]. The term ‘integral circulant graph’ was first introduced
in the work of So [5], where the characterization of the class of circulant graphs with integral spectra was given. A class of
integral circulant graphs (also known as ‘gcd-graphs’) arises as a generalization of unitary Cayley graphs [6,7].
Various graph-theoretical properties of integral circulant graphs were recently studied. In [8] upper bounds on the
number of vertices and diameter of integral circulant graphs were given. Furthermore, Stevanović, Petković and Bašić [9]
improved the upper bound on the diameter and showed that the diameter is O(ln ln n). The present authors in [6] calculated
the clique number of integral circulant graphs with exactly one and two divisors, and also disproved posed conjecture in [7]
that the order of Xn(D) is divisible by the clique number. Berrizbeitia and Giudici [10] and Fuchs [11] established the lower
and upper bounds on the size of the longest induced cycles, while Klotz and Sander [7] determined the diameter, clique
number, chromatic number and eigenvalues of unitary Cayley graphs.
Integral circulant graphs were imposed as potential candidates for modeling quantum spin networks with periodic
dynamics [8]. For a quantum spin system, the necessary condition for the existence of perfect state transfer in qubit networks
is the periodicity of the system dynamics. Relevant results on this topic were given in [12], where it was shown that a
quantum network topology based on the regular graph with at least four distinct eigenvalues is periodic if and only if it is
integral. It also turned out that integral circulant graphs represent a goodmodel for describing quantum networks, since for
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arbitrary n ∈ N there is an integral circulant graph allowing perfect state transfer if and only if the order of graph is divisible
by 4 (see [13]).
Let A be the adjacencymatrix of a simple graph G, and λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of G. Themolecular energy
of G is defined as the sum of absolute values of its eigenvalues [14]
E(G) =
n∑
i=1
|λi|.
This conceptwas introduced first by Gutman and afterwards has been studied intensively in the literature. In [15] the energy
of unitary Cayley graphs and complement of unitary Cayley graphs is calculated, while in [16] some examples of integral
circulant graphs with equal energy are constructed.
The chromatic number of a graph G, denoted by χ(G), is the smallest number of colors needed to color the vertices of G
so that no two adjacent vertices share the same color [17]. The clique number of a graph G, denoted by ω(G), is the size of
the largest induced complete graph in G [18].
In this paper our intention is to move a step towards in the investigation of graph-theoretical properties of integral
circulant graphs that are important parameters of quantum networks. In particular, we deal with the vertex chromatic
number.
Here we present some results concerning chromatic number of some classes of graphs, similar to integral circulant
graphs. Yeh and Zhu [19] andHeuberger [20] determined the vertex chromatic number of circulant graphswith one-element
and two-element symbol set. A natural generalization of circulant graphs are Toeplitz graphs, while infinite Toeplitz graphs
over the ring of integers Z are also known as a integral distance graphs. In [21] it was proven that the chromatic number of
integral distance graph is less than or equal to the cardinality of the set of symbols plus one. In [22,23] the authors analyzed
the chromatic number of circulant graphs and integral distance graphs with the symbol set size less than four.
Motivated by the third concluding problem in [7], we investigate the chromatic number of integral circulant graphs
Xn(D), where D = {d1, d2, . . . , dt} is the set of divisors of n. The authors in [7] proposed a conjecture that clique number and
chromatic number are divisors of n. In [6] this conjecture was refuted for the clique number, and in this paper we disprove
the conjecture for the chromatic number by constructing a family of counterexamples for k ≥ 3 using an exhaustive search
algorithm for graph coloring.
The plan of the paper is as follows. In Section 2, we give some preliminary results, while in Section 3 we present a
counterexample for the conjecture proposed in [7] and construct classes of counterexamples. In Section 4, we give sharp
lower and upper bounds on the chromatic number of an arbitrary integral circulant graph. Moreover, we completely
characterize the chromatic number of integral circulant graphs Xn(D) with exactly two divisors if 1 ∈ D. We conclude
the paper in Section 5 and propose further research involving the edge chromatic number of integral circulant graphs.
2. Integral circulant graphs
Let us recall that for a positive integer n and subset S ⊆ {0, 1, 2, . . . , n− 1}, the circulant graph G(n, S) is the graph with
n vertices, labeled with integers modulo n, such that each vertex i is adjacent to |S| other vertices {i+ s(mod n) | s ∈ S}. The
set S is called a symbol of G(n, S). As we will consider only undirected graphs, we assume that s ∈ S if and only if n− s ∈ S,
and therefore the vertex i is adjacent to vertices i± s(mod n) for each s ∈ S.
Recently, So [5] has characterized integral circulant graphs. Let
Gn(d) = {k | gcd(k, n) = d, 1 ≤ k < n}
be the set of all positive integers less than n having the same greatest common divisor dwith n. Let Dn be the set of positive
divisors d of n, with d ≤ n2 .
Theorem 2.1 ([5]). A circulant graph G(n, S) is integral if and only if
S =
⋃
d∈D
Gn(d)
for some set of divisors D ⊆ Dn.
LetΓ be amultiplicative groupwith identity e. For S ⊂ Γ , e 6∈ S and S−1 = {s−1 | s ∈ S} = S, Cayley graphX = Cay(Γ , S)
is the undirected graph having vertex set V (X) = Γ and edge set E(X) = {{a, b} | ab−1 ∈ S}. For a positive integer n > 1
the unitary Cayley graph Xn = Cay(Zn, Un) is defined by the additive group of the ring Zn of integers modulo n and the
multiplicative group Un = Z∗n of its units.
Let D be a set of positive, proper divisors of the integer n > 1. Define the integral circulant graph Xn(D) to have the vertex
set Zn = {0, 1, . . . , n− 1} and the edge set
E(Xn(D)) = {(a, b) | a, b ∈ Zn, gcd(a− b, n) ∈ D} .
If D = {d1, d2, . . . , dt}, then we also write Xn(D) = Xn(d1, d2, . . . , dt), in particular Xn(1) = Xn. Throughout the paper,
we let n = pα11 pα22 · · · · · pαkk , where p1 < p2 < · · · < pk are distinct primes, and αi ≥ 1. Also f (n) represents the smallest
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prime divisor of n. Let d be an arbitrary divisors of n. Define Qd to be the set of all prime divisors of n that does not divide d
and Rd be the set of all prime divisors of dwhich also divide nd .
Based on the following result, it is sufficient to consider only connected integral circulant graphs.
Theorem 2.2 ([6,4]). If d1, d2, . . . , dt are divisors of n, such that gcd(d1, d2, . . . , dt) = d, then the graph Xn(d1, d2, . . . , dt)
has exactly d connected components isomorphic to Xn/d(
d1
d ,
d2
d , . . . ,
dt
d ).
Lemma 2.3 ([6]). For the integral circulant graph Xn(d) it holds that
χ(Xn(d)) = ω(Xn(d)) = f
(n
d
)
.
Moreover, it can be proven that there is a unique coloring of the graph Xn(1) with p = f (n) colors. The vertices
0, 1, . . . , p − 1 have to belong to the different color classes (no two vertices can be colored with the same color, since
their difference is less than p). The next vertex p cannot be in the color class together with vertices p− 1, p− 2, . . . , 1 and
therefore, it must belong to the color class together with 0. From the same reason the vertex p + 1 is in the same class as
vertex 1. Continuing this procedure, we uniquely determinate the colors of the vertices p, p+ 1, . . . , 2p− 1 and finally we
obtain that the color classes of Xn(1) are exactly classes modulo p.
The following result proved in [6] completely determines the clique number of integral circulant graphs for |D| = 2.
Theorem 2.4. The clique number of Xn(d1, d2) equals
ω (Xn(d1, d2)) =

min
(
min
p∈Qd1
p, f (n) · f
(
n
d1
))
, if d2 = 1,
ω
(
X n
d2
(
1,
d1
d2
))
, if d2 | d1 and d2 > 1,
max
(
f
(
n
d1
)
, f
(
n
d2
))
, otherwise.
Using formulas given in previous theorems, it can be easily concluded that the number of vertices is divisible by the
clique number for t ≤ 2. This means that conjecture proposed in [7] stays in the case when D contains at most two divisors.
However, this conjecture is not valid in general case, which was proven in [6] by constructing a family of counterexamples
when D consists of three or more divisors.
3. Counterexamples
In order to test the conjecture proposed in [7], we implemented Backtracking Sequential Coloring [24] for the
determination of the chromatic number of integral circulant graphs based on values of n.We have used Cliquer algorithm [25]
to determine all maximal cliques. For t = 3 and t = 4, we found infinite families of graphs such that chromatic number
does not divide n.
We present a counterexample for n = 30 and divisor set D = {1, 6, 10}. One coloring with minimal number of colors
generated by exhaustive search algorithm is
[1, 2, 7, 3, 2, 1, 5, 3, 4, 1, 4, 5, 3, 4, 1, 5, 6, 8, 7, 6, 5, 6, 8, 7, 6, 8, 2, 7, 3, 2] ,
and therefore, χ(X30(1, 6, 10)) = 8, which is not a divisor of 30.
Vertices from C = {0, 1, 7, 13, 19, 20} generate a clique in the given integral circulant graph, which means that
6 ≤ χ(X30(D)) ≤ 8. For disproving the conjecture in theoretic way, it is sufficient to show that the chromatic number
is not equal to 6.
Proposition 3.1. The chromatic number of the integral circulant graph X30(1, 6, 10) is strictly greater than 6.
Proof. Suppose that the vertices of the clique C are colored by colors c1, c2, c3, c4, c5, c6 andχ(X30(1, 6, 10)) = 6. The vertex
6 can be colored only by c2 or c6, because it is adjacentwith vertices 0, 7, 13, 19. Similarly, by examining the neighbors of the
vertices 8, 14, 18, 24, 25, 26 which belong to C we conclude that the vertex 8 can be colored with {c1, c4}, vertex 14 with
{c1, c5}, vertex 18 with {c4, c6}, vertex 24 with {c5, c6}, vertex 25 with {c1, c6} and vertex 26 with {c1, c2}. In Fig. 1 dashed
lines represent the edges in the complement graph, and in the lower level some edges of X30(1, 6, 10) are emphasized.
First assume that the vertex 6 is colored by c6. The vertices 18, 6, 25 form a path, so the vertex 18 has to be colored by c4,
and the vertex 25 by color c1. But the vertex 8 is adjacent to both vertices 18 and 25, which means that it cannot be colored
by c1 nor c4.
In the second case, the vertex 6 is colored by c2. The vertices 6, 26, 25, 24 form a path and therefore the vertex 26 has to
be colored by c1, the vertex 25 by c6 and the vertex 24 by c5. But the vertex 14 is adjacent to both vertices 24 and 26, which
means that it cannot be colored with c1 nor c5. This completes the proof and we conclude that χ(X30(1, 6, 10)) > 6. 
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Fig. 1. The maximal clique in the graph X30(1, 6, 10).
Suppose that we already know the chromatic number for a given graph Xn(D)with fixed divisor set D = {d1, d2, . . . , dt}.
The following question could be naturally asked: What is the relation between the chromatic numbers of XN(D) and Xn(D),
where N = n · p and p is an arbitrary prime number greater than n?
The graph Xn(D) is induced subgraph of XN(D), since for arbitrary vertices 0 ≤ a, b < nwe have
gcd(a− b, n) = di if and only if gcd(a− b,N) = di.
It follows that χ(XN(D)) ≥ χ(Xn(D)). The optimal coloring of XN(d1, d2, . . . , dt) could be derived from the coloring of
Xn(d1, d2, . . . , dt) in the following way. An arbitrary vertex v ∈ XN(D) is colored by the same color as the vertex equals to
the remainder of v modulo n in Xn(D). We will prove that this is a proper coloring of XN(D).
If a and b are vertices from the same residue class modulo n, we have
gcd(a− b,N) = n · gcd(k, p) = n > di,
for some 0 ≤ k = a−bn < p and di ∈ D. Therefore, the vertices from the same residue class modulo n are not adjacent. Let
x1+ y1 · n and x2+ y2 · n be adjacent vertices from different color classes where 0 ≤ x1, x2 ≤ n− 1, 0 ≤ y1, y2 ≤ p− 1 and
x1 6= x2. Let d be the greatest common divisor of numbers x1 − x2 and n. This implies
gcd((x1 − x2)+ (y1 − y2) · n,N) = di,
for some di ∈ D and di divides x1−x2which leads us to di | d. On the other hand, d is a divisor of x1−x2, n andN , and therefore
d divides di. Finally, we conclude that d = di and the vertices x1 + y1 · n and x2 + y2 · n are adjacent in XN(d1, d2, . . . , dt)
if and only if vertices x1 and x2 are adjacent in Xn(d1, d2, . . . , dt). From the optimal coloring of Xn(d1, d2, . . . , dt)we obtain
that the vertices x1 + y1 · n and x2 + y2 · n in XN(d1, d2, . . . , dt) have different colors.
The above consideration leads us to the following conclusion
Proposition 3.2. Let Xn(D) be an integral circulant graph with the set of divisors D = {d1, d2, . . . , dt}. Then it holds that
χ(XN(D)) = χ(Xn(D)),
where p is arbitrary prime greater than n and N = n · p.
According to the last proposition we can construct a class of counterexamples for n = 30 · p and D = {1, 6, 10}, where
p is a prime number greater than 30. Similarly, for n = 30 and divisor set D = {1, 6, 10, 15} we can find a new class of
counterexamples such that χ(Xn(D)) = 8 and |D| = 4, also verified by the exhaustive search algorithm.
4. Chromatic number for t = 2
In this section we provide upper and lower bounds on the chromatic number of integral circulant graphs with arbitrary
number of divisors. For connected integral circulant graphswithD = {d1, d2}we improve these bounds,while forD = {1, d},
we obtain the explicit formula for the chromatic number.
Theorem 4.1. For the graph Xn(d1, d2), the following inequality holds
max
(
f
(
n
d1
)
, f
(
n
d2
))
≤ χ(Xn(d1, d2)) ≤ f
(
n
d1
)
· f
(
n
d2
)
.
Proof. According to Lemma 2.3, it can be easily obtained that chromatic number of Xn(d1, d2) is greater than or equal to the
maximum of f ( nd1 ) and f (
n
d2
).
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The edge set of Xn(d1, d2) consists of the edge sets of the subgraphs Xn(d1) and Xn(d2). Thus, consider the first graph
Xn(d1), which has exactly f ( nd1 ) = p color classes. To estimate the chromatic number of Xn(d1, d2), we can divide every color
class of Xn(d1) according to the color partition of the subgraph Xn(d2). Every color class of Xn(d1) has exactly np vertices. From
Lemma 2.3, there exists a proper coloring of Xn(d2)with f ( nd2 ) = q colors. Therefore, the vertices in an arbitrary color class
of Xn(d1) can be also partitioned into at most q independent classes. This way we get a proper coloring of Xn(d1, d2)with at
most p · q colors. 
The last theorem can be generalized for an arbitrary set of divisors D. The lower bound follows from Lemma 2.3, and the
upper bound easily follows by applying mathematical induction on the number of divisors in D.
max
di∈D
f
(
n
d1
)
≤ ω(Xn(D)) ≤ χ(Xn(D)) ≤
t∏
i=1
f
(
n
di
)
. (1)
The upper bound is achieved for n = pα , where p is a prime number and α ≥ 2. Every divisor of n has the form pβ , where
0 ≤ β ≤ α. For the connected graph Xn(D), it holds that d1 = 1. We will prove that
ω(Xn(d1, d2, . . . , dt)) = χ(Xn(d1, d2, . . . , dt)) = pt .
Let di = pβi , where 0 = β1 < β2 < · · · < βt < α and t ≤ α + 1. We will prove that the vertices
C =
{
t∑
i=1
αi · pβi | 0 ≤ αi ≤ p− 1
}
form a clique of size pk in the graph Xn(d1, d2, . . . , dt). First, notice that all numbers from C are distinct by considering them
in the system with base p:
v =
t∑
i=1
αi · pβi = α1α2 . . . αk.
Let a = ∑ti=1 αi · pβi and b = ∑ti=1 α′i · pβi be an arbitrary vertices from C . Since a 6= b, there exists the smallest index
1 ≤ s ≤ t , such that αs 6= α′s. This means that
a− b = (αs − α′s) · pβs + (αs+1 − α′s+1) · pβs+1 + · · · + (αt − α′t) · pβt .
The greatest common divisor of the numbers a−b and n = pα equals pβs , since 0 < |αs−α′s| < p. Therefore, we conclude
that any two vertices of C are adjacent and C is a clique of size pk in Xn(d1, d2, . . . , dt).
The following inequality is essential in the further consideration.
Theorem 4.2. Let Xn(D) be an integral circulant graph with divisor set D = {d1, d2, . . . , dt}. Let p be a prime divisor of n, such
that p - di for i = 1, 2, . . . , t. Then
χ(Xn(d1, d2, . . . , dt)) ≤ p.
Proof. Color the vertices of Xn(d1, d2, . . . , dt) with p colors, such that the color classes are classes modulo p. Indeed, it is a
proper coloring since for every pair of vertices a and b from the same color class we have gcd(a − b, n) = gcd(l · p, n) =
p · s 6∈ {d1, d2, . . . , dt}, for some 0 ≤ l < np and s ∈ N . It means that there are no edges between vertices in the same classes
modulo p, and the result follows. 
4.1. Case 1 ∈ D
Theorem 4.3. For the integral circulant graph Xn(1, d), where d is a proper divisor of n holds
χ(Xn(1, d)) = min
(
min
p∈Qd
p, f (n) · f
(n
d
))
.
Proof. By direct application of Theorems 4.1 and 4.2 we obtain
χ(Xn(1, d)) ≤ min
(
min
p∈Qd
p, f (n) · f
(n
d
))
.
On the other hand, according to Theorem 2.4 it holds that
χ(Xn(1, d)) ≥ ω(Xn(1, d)) = min
(
min
p∈Qd
p, f (n) · f
(n
d
))
,
which completes the proof. 
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4.2. Case 1 6∈ D
Suppose that Xn(d1, d2) is a connected graph, which means that gcd(d1, d2) = 1. Let Qj be the set of prime divisors of n
not dividing dj and denote with qj the smallest prime number from the set Qj (if exists), for j = 1, 2.
Proposition 4.4. Let d1 and d2 be divisors of positive integer n such that gcd(d1, d2) = 1. Then,
f
(
n
d1
)
= q1 = p1 or f
(
n
d2
)
= q2 = p1,
where p1 is the smallest prime divisor of n.
Proof. Since divisors d1 and d2 are relatively prime, they cannot be both divisible by p1. Without loss of generality, assume
that p1 - d2. This directly yields that p1 ∈ Q2 and p1 | nd2 , implying that q2 = p1 = f ( nd2 ). 
Therefore, in the rest of the section we may assume that p1 - d2.
Theorem 4.5. For the connected integral circulant graph Xn(d1, d2) holds
χ(Xn(d1, d2)) ≤ min
p∈Q1
p = q1.
Proof. First assume that q1 does not divide d2. From Theorem 4.2 and q1 - d1 it follows that χ(Xn(d1, d2)) ≤ q1. Therefore,
q1 | d2. Since p1 does not divide d2, we have the inequality q1 > p1. Furthermore, if p1 does not divide d1, using Theorem 4.2
again, we conclude that χ(Xn(d1, d2)) ≤ p1 < q1.
Hence, assume that p1 | d1. Consider the following partition of the vertices in the classes C0, C1, . . . , Cq1−1, defined as
Cl = {i | 0 ≤ i < n, 0 ≤ r ≤ p1 − 1 , i ≡ p1 · l+ r(mod p1 · q1)} .
Every class has nq1 vertices. For arbitrary vertices a ≡ p1l+r ′(mod p1 ·q1) and b ≡ p1l+r ′′(mod p1 ·q1) from the same set
Cl holds that a− b ≡ r ′− r ′′(mod p1 · q1). Since 0 ≤ |r ′− r ′′| < p1 < q1, it follows that either p1, q1 - a− b or p1 · q1 | a− b.
If p1 - a − b and q1 - a − b, we have that p1 · q1 - gcd(a − b, n). By the previous assumptions, we have that p1 | d1 and
q1 | d2, and therefore gcd(a−b, n) cannot be equal to d1 nor d2. Similarly, we eliminate the second case p1 ·q1 | gcd(a−b, n),
since p1 - d2 and q1 - d1. 
Applying Theorems 4.1 and 4.5 we obtain the following result
Theorem 4.6. For the connected integral circulant graph Xn(d1, d2), it holds that
χ(Xn(d1, d2)) ≤ min
(
max(min
p∈Q1
p,min
p∈Q2
p), f
(
n
d1
)
· f
(
n
d2
))
.
From Theorems 4.3 and 4.6 it follows that χ(Xn(d1, d2)) = 2 if and only if q1 = 2. This result represents a generalization
of the theorem stated in [7] that the unitary Cayley graph Xn(1), is bipartite if and only if n is even.
5. Conclusion
Integral circulant graphs have various applications in the design of interconnection networks and play an important role
in quantumnetworks supporting perfect state transfer. In this paperwe dealwith the chromatic number of integral circulant
graphs and refute the conjecture proposed in [7] that the chromatic number divides the graph order of Xn(D) for |D| ≥ 3. The
conjecture remains correct for |D| = 1, while for the case |D| = 2 we establish sharp upper and lower bounds for χ(Xn(D)).
It would be interesting to investigate the edge chromatic number of integral circulant graphs and here we present some
partial results. The smallest number of colors needed in a proper edge coloring of a graph G is the edge chromatic number
(chromatic index), denoted by χ ′(G). The Vizing theorem states that ∆ ≤ χ ′(G) ≤ ∆ + 1, where ∆ is the maximal vertex
degree in G. The graph Xn(d1, d2, . . . , dt) is regular graph with the vertex degree equal to ϕ( nd1 )+ ϕ( nd2 )+ · · · + ϕ( ndt ).
If n is odd, Xn(D) is not decomposable into 1-factors and therefore χ ′(Xn(D)) = ∆ + 1. Now assume that n is even. The
unitary Cayley graph Xn(1) is decomposable in ϕ(n)/2Hamiltonian cycles [7] and each of these cycles has even length. Every
cycle can be coloredwith two colors, by alternating the coloring of edges. After coloring all cycles, we get a proper coloring of
Xn using ϕ(n) colors. Since ϕ(n) is themaximum degree of Xn it follows that χ(Xn(1)) = ∆. Using Theorem 2.2, we conclude
that the edge chromatic number of Xn(d) equals∆ if and only if nd is even. In general case, every divisor di introduces ϕ(
n
di
)
new edges from every vertex. If ndi is even for every i = 1, 2, . . . , t , we consider independently these divisors and after
applying the same arguments as above – it follows χ ′(Xn(d1, d2, . . . , dt)) = ∆.
It is hard to obtain the explicit formula for the chromatic number of integral circulant graphs, even in the case for t = 2
for which we believe that equality holds in Theorem 4.6. On the other hand, we do not have a characterization of integral
circulant graphs such that χ ′(Xn(d1, d2, . . . , dt)) = ∆. We leave these problems for the future study.
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